This paper presents an experimental validation of an analytical method called complex mode expansion with vector projection (CMEP), which is used to calculate the scattering coefficients (amplitude of the out-of-plane velocity) of Lamb wave modes from geometric discontinuities. For a test case, a plate with a thickness step change type geometric discontinuity is considered in this paper. The scattered wave fields from the discontinuity are expanded in terms of complex Lamb wave modes with unknown scatter coefficients. These unknown coefficients are obtained by projecting the stress or displacement boundary conditions on the displacement or stress boundary conditions utilizing the power expression. In the analytical analysis, complex-valued scatter coefficients are calculated with frequency-thickness product from 50 to 1500 kHz mm for A0 incident wave. A parametric study was conducted using CMEP to find the optimized step depth ratio for the experiment. For incident A0 mode at step depth ratio of 0.6, the scattering coefficients of reflected and transmitted S0 modes are maximum. A plate of thickness 4.86 mm with a step depth ratio of 0.6 was chosen for experimental study. Long piezoelectric wafer active sensors (PWAS) were used to create straight crested Lamb wave modes. Antisymmetric Lamb wave mode selectively excited by using two PWAS in out of phase on opposite sides of the plate. Scanning laser Doppler vibrometer was used to measure the out-of-plane velocity of scattered Lamb wave fields on the plate. Scatter coefficients were calculated from Fourier transform of the time domain signal. The obtained experimental results agree well with the CMEP analytical predictions.
Introduction
Cost effective and computational efficient structural health monitoring (SHM) and non-destructive evaluation (NDE) methods are in urgent need of proper damage detection in practical applications. In general, damage detection techniques can be divided into two groups: (a) active damage detection: energy is imparted to the structure using transducers to create elastic waves [1, 2] and (b) passive damage detection: detection of elastic waves, generated due to rapid release of energy from damage or impact [3, 4] . In active damage detection system, methods of predicting the scattered Lamb wave modes from different types of damage has been an interesting research topic for decades [5] [6] [7] [8] . Lamb wave interacts with the structural discontinuity and resulting scattered Lamb wave modes as well as mode conversion. Scattered Lamb wave modes and mode conversion are the key factors for characterizing damage in a structure.
Finite element method (FEM), the boundary element method (BEM) are the popular methods for predicting scatter Lamb waves from damage or discontinuity [9] [10] [11] [12] . Many researchers also used a semi-analytical finite element (SAFE) technique for Lamb wave propagation problems [13, 14] .
However, FEM, BEM or SAFE require extensive computational effort and computational speed associated with computational cost. In this paper, the CMEP approach is presented for calculating Lamb wave scatter coefficients. The scattering coefficients from a discontinuity depend on the frequency, the geometry of the discontinuity and plate thickness. In the CMEP method, the scattered wave fields are expanded in terms of complex Lamb wave modes with unknown scatter coefficients. These unknown coefficients are obtained boundary-matching process with vector projection utilizing the power expression. CMEP is a highly computational efficient and accurate analytical method for predicting Lamb wave scattering [15, 16] . Many other researchers have also explored an analytical approach to solve the scattering problem [5, 15, [17] [18] [19] . One of the main challenges of the scattering problem is to satisfy the thickness dependent boundary conditions at the discontinuity.
A damage detection algorithm for identifying rectangular notch parameters in a stepped waveguide using Lamb waves was presented by Ghadami et al [20] . Scattering of shear waves with the discontinuity in a plate could be useful for detecting damage. Pau et al [21] investigated the interaction of the SH0 mode with discontinuity in plate waveguides. The scattered SH0 wave fields were evaluated using an analytical technique, and the obtained results were compared with the finite element model [21] . Vien et al [22] presented a computational study of scattering of the symmetrical Lamb wave mode from a small edge crack in an isotropic plate. Fromme [23] predicted the scattered wave field directionality pattern for an incident low-frequency A0 Lamb wave mode from 3D finite element simulations and verified from experimental measurements. On a similar aspect, Lie et al [24] employed a three-dimensional finite element model to study the incremental scattering of the antisymmetric (A0) Lamb wave mode from notch emanating from through-holes.
The validation of any analytical technique is essential when it comes to real-life applications. Alleyne et al [25] studied the interaction of various types of notches with a straight crested Lamb wave using FEM and compared it with experiments. The FEM analysis was done in 2D assuming straight crested waves in plane strain condition. However, for experimental validation, they assumed a circular crested wavefront as straight crested at a distance from the transducer. A similar study was also performed by Lowe et al [26] where the prediction was made assuming a straight crested Lamb wave, but the creation of straight crested waves has not been confirmed. Benmeddour et al studied the mode conversion of S0 and A0 modes at symmetric and antisymmetric notches in a plate [27] . Santhanam et al [28] presented an experimental validation of an analytical model using circular crested Lamb waves to predict the oblique reflection of straight crested Lamb waves. However, the creation of straight crested Lamb waves in a finite plate using finite transducers is quite challenging and has not been reported in the literature. In this paper, an experimental procedure is presented to generate straight crested Lamb waves in a finite plate with finite transducers. This experiment aims to validate the predictions of CMEP, particularly for a Lamb wave mode interacting with a thickness step change. This paper is organized as follow: section two presents an analytical model based on the physics of the Lamb wave modes to predict the scattering of Lamb wave from the steplike discontinuity. This section also presents the convergence study. Section three presents an experimental method to validate theoretical models predicting Lamb wave scattering from a discontinuity. This section also discusses the detailed experimental procedure. Finally, section four presents conclusions from this research and recommendation for future work.
Analytical formulation
The cross-section of a plate with step is shown in figure 1 . The incident wave field is propagating in the +ve x-direction. Upon interacting with the discontinuity, reflected wave fields and transmitted wave fields would be propagated in -ve xdirection and +ve x-direction respectively. As shown in figure 1 , the discontinuity is located at x=x 0 . The plate thickness in region 1 and region 2 is h 1 and h 2 respectively. The step depth of the plate is h h h. 
The scattered wave field is the summation of the reflected wave field (region 1) and the transmitted wave field (region 2). The scattered wave field can be written as 
The boundary conditions for the step change are shown in figure 2. The displacement boundary condition at the step is u u x x , at . 4 
Equations (4) and (5) represent the thickness dependent boundary conditions at the stiffener. CMEP formulation incorporates the average power flow associated with the scattered wave fields through boundary condition. For vector projection using power flow, the stress boundary conditions are projected onto the conjugate displacement vector space (region 1), and the displacement boundary conditions are projected onto the conjugate stress vector space (region 2) of the complex Lamb wave modes. To take advantage of the orthogonality of stress and displacement mode shapes of Lamb wave modes, u conj u 
Equation (6) leads to a set of linear equations expressed as follow
Equation (7) contains 2j algebraic equations with 2j unknowns. Here, [Q] and {R} are known entities and C { } contain the 2j unknowns. The unknown amplitudes of the scattered Lamb wave modes are to be solved as follow
Results and discussion
To implement the CMEP method, the complex modes of Lamb waves need to be included in the modal expansion. Therefore, the first step is to obtain all possible roots of the Rayleigh-Lamb equation including an infinite number of complex roots. Equation (9) are the Rayleigh-Lamb equations for two basic wave modes: symmetric and 
Here, ξ is the wavenumber; d is the half thickness of the plate; ω is the circular frequency; ; (10) has a large number of roots of the complex plane. The roots are categorized as (a) real K real ( ) roots corresponding to the forward propagating Lamb wave modes, (b) imaginary K imag ( ) roots corresponding to the evanescent modes and (c) complex roots K ( ) corresponding to exponentially decaying amplitude wave modes [16] . Figure 3 shows all the complex roots of Rayleigh-Lamb equations.
As a test case, an aluminum 6061 plate with E = 68.9 GPa, 2700 kg m ,
was considered. The plate thickness in region 1 and region 2 are h 1 =4.86 mm and h 2 =1.94 mm respectively. Therefore, the depth ratio of the step becomes R h h h 0.6. = -= For numerical analysis, it needs to determine the maximum number of roots of the Rayleigh-Lamb equation to be considered which should give a reasonably accurate result. A0 mode was considered as the incident Lamb wave modes because A0 mode has higher out-of-plane displacement amplitude than S0 mode. The amplitude of the out-of-plane component would be measured experimentally using SLDV for experimental validation. Frequency thickness product from 50 to 1500 kHz mm is chosen for its relevance to practical applications. Figure 4 shows the convergence study for the amplitudes of the first two modes of scattered Lamb waves, S0 and A0. From the figure, it can be seen that by considering 27 modes in the modal expansion ensured the convergence with less than 0.5% error.
Lamb waves exhibit velocity dispersion; that is, their velocity propagation depends on the frequency and thickness. Therefore, it is convenient to use the frequency-thickness product. Therefore, figure 5 shows the scattered wave (S0 and A0 modes) amplitudes and phase angle of out-of-plane displacement with frequency-thickness ( f−h 1 ) product for incident A0 modes.
From the figure 5(a) , it can be seen that the amplitude of the A0 transmitted wave decreases with increasing frequency whereas, the amplitude of A0 reflected, S0 transmitted, and S0 reflected increases with increasing frequency. The outof-plane components corresponding to S0 wave mode is smaller than A0 mode, which is expected due to the nature of structural transfer function [29] . The phase angle of the out-of-plane displacement also changes with frequency ( figure 5(b) ).
Experiments
This section presents a detail of the experimental procedure to validate the CMEP results.
General experimental procedure
There are several major challenges for determining the scatter coefficients experimentally using straight crested Lamb waves. The following key factors should be considered to generate straight crested Lamb wave successfully and to determine the scatter coefficients experimentally: a. Determining specimen geometry. b. Eliminating the boundary reflections. c. Creating a straight crested Lamb wave mode. d. Tuning symmetric or antisymmetric Lamb wave mode selectively. e. Measuring the scattered wave field with sufficient accuracy.
Determining the specimen geometry
To optimize the specimen geometry the predicted results of the scatter coefficient from CMEP was used for the experiments. The focus of the experiment was capturing the mode conversion of Lamb waves due to the step-like discontinuity. The scattered wave amplitudes at various depth ration were predicted using CMEP (figure 6). Figures 6(a) and (b) show that for incident A0 at depth ratio of 0.6 the scattering coefficients of reflected and transmitted S0 modes are maximum. Therefore, this depth ratio was chosen for the experiment. For safe handling, a small plate thickness after the step was avoided; a plate of thickness 4.86 mm was considered. The material for the plate was chosen as aluminum 6061 for good machinability.
In a pitch-catch wave propagation experiment, for reliable measurement of scattered waves, the receiver should be at a sufficient distance from the source for separation of symmetric and antisymmetric modes. To predict the required distance, an existing analytical tool was used to simulate straight crested Lamb waves (figure 7). The figure illustrates that the sensors need to be placed at least 300 mm away from the step to detect the reflected wave modes and 250 mm for the transmitted wave modes. A sufficient distance is also needed between the edge of the plate and the actuator and sensors. There is another way to separate the modes using frequency-wavelength analysis from the time domain signal using a double Fourier transform. This method could avoid the unnecessary larger dimension of the plate, and the experiment could be done within a confined space. However, in this experiment, a larger dimension of the plate was chosen. Considering all of the requirements, a 1220 mm× 305 mm× 4.86 mm plate was selected for the experimental study. Figure 8 shows the plate after machining a step using a vertical milling machine. = -= ).
Eliminating boundary reflections
To eliminate boundary reflections modeling clay as the damping material was applied on the surface of the plate around the edge. As shown in figure 9(a) , the thickness of the modeling clay was varied starting from zero thickness to about 12 mm thick at the edge. This was done so that the waves do not reflect from the beginning of the clay boundary due to a sudden change in boundary conditions. Figures 9(b)-(d) shows the variation of the absorbing clay boundary thickness in the real specimen. Figure 9 (b) shows the entire plate after application of the absorbing boundaries all around the specimen.
Creating a straight crested wave front
Three 40 mm×5 mm×0.2 mm piezoelectric wafer active sensor (PWAS) were bonded in a line on top and bottom surface of the plate to create a long line source. However, due to the edge effect, the wave crest may not stay straight at the ends of a line source. A 3D FE model of a similar plate was created for understanding the straight crested wavefront using long PWAS. For FEM simulation, a similar model as experimental setup was created as shown in figure 10(a) . In FEM simulation, the size of the PWAS was kept same, and a non-reflecting boundary was also applied. Figure 10 (b) shows the top view of the actual specimen. The non-reflecting boundary absorbed the curved crested waves produced around the corners of the PWAS. This results in a straight crested wavefront after propagating less than 100 mm distance ( figure 11(a) ). In the experiment, three PWAS transducers were excited in phase and measured the wave field using SLDV. Figure 11(b) shows that the successful generation of straight crested A0 Lamb wave mode experimentally with absorbing clay boundaries. Figure 12 (b) shows the signal corresponding to the generated A0 mode after traveling different distances. A little difference of the wave amplitude (less than 5% dropped in amplitude) can be observed between two signals due to the low dispersion of the A0 mode at 175 kHz as evident from figure 12(a) . The wave amplitude does not change with the distance, which confirms a successful generation of a straight crested Lamb wave mode channeled by absorbing clay boundary. Figure 12 (b) also establishes that the clay boundary does not damp the channeled wave.
Tuning S0 and A0 mode separately
To generate symmetric or antisymmetric mode selectively, PWAS transducers on both top and bottom surfaces of the plate were bonded with careful alignment ( figure 13) . Since PWAS transfer function is sensitive to the bonding condition [29] , it is difficult to get the same transfer function for both top and bottom PWAS. For this reason, both the PWAS were excited with amplitude and phase adjustment. To achieve this, a Tektronics AFG3052C dual channel signal generator was used to tune A0 mode using 175 kHz (850 kHz mm) 3.5 count tone burst signal. Figure 13 , confirms the procedure mentioned above resulted in excitation of only A0 mode.
Measuring scattered wave field
To measure the scattered wave field, an SLDV was used to measure the out of plane velocity (v y ) at the surface of the plate ( figure 14) . SLDV measurement was done at 12.5 MHz sampling frequency with averaging of 100 sample. An area of 650×40 mm was scanned using SLDV. The size of the mesh grid of the SLDV measurement is 0.5 mm×0.25 mm. A low pass filter of 1.5 MHz and a high pass filter of 100 Hz was used during the measurement. SLDV measurement provides the opportunity to visualize the wave modes scattered by the step. Figure 15 shows that the scattered wave modes are easily visible in the recorded wavefield data. Also, it is important to note that the amplitude of the scattered symmetric mode is much smaller than the amplitude of the antisymmetric mode. 
where indices s and in stand for scattered and incident wave modes, respectively. For incident and reflected modes, wave fields data were recorded at 300 and 350 mm distance before the step respectively. For transmitted modes, wave fields data were recorded 300 mm distance after the step. Power amplifiers were used for excitation of higher amplitude incident Lamb wave to get stronger scattered wave signals. Figure 16 shows the incident, reflected and transmitted time domain signal by averaging SLDV measurement across the width.
At this point, the portions of the signal corresponding to different modes were separated and converted the time domain signal into the frequency domain signal using FFT algorithm ( figure 17) . Then, the scattering coefficients C s were calculated using the equation (11) . Also from equation (11) , it can be seen that either the velocity (v y ) or displacement (u y ) will result in the same scatter coefficient. Figure 18 shows the comparison between experimental results and analytical results with frequency-thickness values. The range of frequency-thickness was chosen based on the analytical results (figures 5 and 6). At low frequency, the amplitude of the scattering coefficient is very small for S0 transmitted and S0 reflected modes. The amplitude of the scattered S0 mode increases with increasing frequencythickness product. However, with increasing frequencythickness value the amplitude of the scattered A0 mode decreases. Moreover, higher frequency-thickness may not suitable for practical applications as the energy of the signal dissipates (signal attenuation) faster. Therefore, an optimized frequency-thickness range 650-1050 kHz mm was chosen for the experimental study. For 4.86 mm thick plate 175 kHz (850 kHz mm) center frequency of the tone burst signal is good enough to capture the amplitude of the scattered signal from 650 to 1050 kHz mm frequency-thickness range. It should be noted that for the tone burst signal the amplitude of the signal is dominant at the center frequency. The amplitude of the signal diminishes as the frequency goes far away from the center frequency ( figure 17) . Therefore, the excitation frequency should be chosen in such a way so that the frequency-thickness corresponding to the excitation frequency of the tone burst signal is at the center of the desired frequency-thickness range.
Comparison between CMEP and experimental results
From figure 18 shows that the experimental results are in agreement with the CMEP results. The maximum percentage of error was found 14.3%, 8.5%, 3.2% and 10.1% for reflected S0, reflected A0, transmitted S0 and transmitted A0 mode respectively. However, the percentage of error at the center frequency-thickness value was found 7%, 7.5%, 1.5% and 4% for reflected S0, A0, transmitted S0 and A0 modes respectively. It can be inferred that the percentage of error decreases as the frequency-thickness value shifts towards the excitation frequency-thickness value. Therefore, multiple Measurement of scattering of Lamb waves is, in general, a challenging problem. From these figures, it can be observed that the experimentally obtained scatter coefficients for reflected and transmitted A0 modes were consistently lower than the predicted ones. The CMEP predictions assumed no material damping. Whereas, in reality, there is material damping and its effect is higher on A0 mode than the S0 mode. Since the scattered waves were measured at a significant distance away from the step, this effect of damping may result in lower than the predicted amplitude of the reflected and transmitted modes, particularly for A0 mode. The signals at different locations are susceptible to the phase shifts, and that may happen due to spatial misalignment of the SLDV measurement. Also, in this experiment, a 3.5 cycle tone burst excitation signal was used, which is an additional source of estimation error because of the frequency dependence of the scattering coefficient. More cycles signal would result in a narrower bandwidth, which is desirable for frequency purity as well as for causing less dispersion. However, because of the relatively short propagation distances for both experiments, 3.5 cycles were selected to maintain separation in time of the desired scattered signals.
Step change may not be exact verticle due to manufacturing constraint, which may also affect the estimation results.
However, all the four plots show the trends of the scattering coefficient predicted by CMEP are same as that of the experimentally obtained results. The values of the scattering coefficients are enough close to the predicted values from CMEP. The results shows that CMEP is a reliable tool to predict the scattering of the Lamb waves from geometric discontinuities. In comparison with other NDE or SHM technique, this analytical method capitalizing on Lamb waves scattering that can offer faster, more accurate and costeffective evaluation of different types of damage. This method is useful for different types of damage to which ultrasonic Lamb waves are particularly sensitive including discontinuity, corrosion patch, debonding, cracking, etc. Damage identification technique using CMEP is envisioned to be a promising method in addition to traditional; NDE/SHM approaches.
Conclusion
In this paper, a cost-effective, reliable, computational efficient analytical method called CMEP was demonstrated for predicting Lamb wave scattering from a discontinuity. The scattered wave fields are expanded in terms of complex Lamb wave modes with unknown scatter coefficients. These unknown coefficients are obtained from the vector projection of boundary conditions utilizing the power expression. The analytical results show that scattered coefficients depend on the frequency and the geometry of the discontinuity.
An experimental procedure was also demonstrated to create straight crested Lamb wave modes using long PWAS transducer. Experimental results showed that it is possible to create straight crested Lamb wave modes using absorbing boundary along with long transducers. This method of generating straight crested Lamb waves would be useful for many experimental investigation and validation of predictive models. For this research, this method was used to validate the predictions from CMEP for a step-like discontinuity in a plate. The obtained experimental results agree with the CMEP predictions well. Scatter coefficients can be used to predict the scattered time domain signal. Time domain signal is useful for practical applications as it is observable from an SHM/NDE system. Future work would be recommended to simulate scattered time domain signal using the scattering coefficient. Future work would also be recommended for using CMEP for more complex geometry, e.g. several or non-limited step-like changes to calculate scattering coefficients.
